
Alexander Polynomials and GordianDistance
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What is knot theory?
'

'



What is the Alexander Polynomial ?
DeflAlexander.KZ# Given a knot K , the Alexander polynomial SKIT) is the determinant of a presentation
matrix (Alexander matrix) for H

, (Xo) as a module over 2ft ,t
'] where Xas is the infinite cyclic cover

of the complement of K in S3 and f is a covering transformation
"

moving along the cyclic cover
"

C?)

This is unique up to multiplication by a unit in 2ft , t'T ( Itn)
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Another example computation :
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Another partial computation :
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Another method of computing the
Alexander polynomial :

i a a. to

ta - A' -- f- to - ft , if -- ft, " if

S3
,

= det( tA -A't ) = t
'
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How can we understand the complexity
of knots?

Unknotting number and Gordian distance .
Gordian distance
to

I cross 11 crossing
charge
① change



How do these ideas interact?
Thm (Kondo , 1978) For any Alexander polynomial pH) , there exists a knot k with-

:
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unknotting number I such that A* Lt) =p It) . put Lavant polynomial Srt.
put =pLE

') & p (1)
= II



Question : Does there exist a nontrivial Alexander polynomial aft) such that for any Alexander

polynomial b Lt) , there exist a pair of knots ka and Kb with Gordian distance I such that

bKalt) = alt) and be
..

It)=bLt)?

Answer (Kawauchi , 2011) : Yes ! This is the case for any Alexander polynomial aft) of slice type (meaning
a (t) = clt) c (E') for some Laurent polynomial clt))



Jingu. Does there exist a pair of Alexander polynomials alt) & blt) such that any two knots Kadkbwhere DKalt) = alt) and bkbttl -- blt) have Gordian distance at least 2?

Answer (Kawauchi
,
2011) : Yes ! For example :

a. (t) = t - I t E' e- Alexander polynomial of trefoil
b. (t) = -t t 3 - E'

←Alexander polynomial of figure 8 knot



Question Does there exist a nontrivial knot K such that for any Alexander polynomial alt) , there exists some knot
ka such that shalt - alt) and the Gordian distance between K and Ka is l ?

Answers : Open
But

, I think we can eliminate knots with monic Alexander polynomial from the running using a procedure for

characterizing the Alexander polynomials of knots with Gordian distance one by Nakanishi and Okada (2011).

Notation : For any knot K , let K
" be the knots Gordian distance 1 from K and let DK 't be the

set of Alexander polynomials for knots in KY Let b k be the set of all Alexander polynomials.
- .ThmLNakanishiaadokada.IO# :
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Thank you
!


